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Abstract 

We prove that an open 3-manifold proper homotopy equivalent to a geometrically 
simply connected polyhedron is simply connected at infinity thereby generalizing the 
theorem proved by Poenaru in ||. 
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1 Introduction 

The immediate antecedent to this paper is ||, the principal theorem of which is the 
following. 

Theorem 1.1 (V. Poenaru) If U is an open simply connected 3-manifold and, for some 
n, U x D n has a handlebody decomposition without 1-handles then U is geometrically 
simply connected hence simply connected at infinity. 
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Note: D n denotes the n-ball; see || for the definition of "handlebody decomposition 
without 1-handles "; all 3-manifolds we consider in the sequel will be orientable unless 
the contrary is explicitly stated. 

A non-compact polyhedron U is simply connected at infinity (s.c.i.), and we write also 
7r%°(U) = 0, if given a compactum (i.e. a compact set) X C U there exists another 
compactum Y with X C Y C U 3 , such that any loop in U — Y is null-homotopic in 
U — X. (Some authors call this tti- triviality at infinity or 1-LC at infinity and reserve the 
term s.c.i. for the special case in which Y can be chosen so that, in addition, U — Y is 
connected. These notions are equivalent for one ended spaces, such as contractible spaces. 

A non-compact polyhedron P is geometrically simply connected (g.s.c.) if it can be 
exhausted by compact 1-connected subpolyhedra. It is easily seen that any non-compact 
polyhedral manifold U which has a handlebody decomposition with no 1-handles is g.s.c. 
In addition the projection map p : U x D n — > U is a proper simple-homotopy equiva- 
lence (defined in J7|). In |5| Poenaru hinted at the conjecture which results when the 
hypothesis of the above-stated theorem is replaced by the (therefore) weaker hypothesis 
that U be proper simple-homotopy equivalent to a g.s.c. polyhedron. This conjecture was 
subsequently established in || using the techniques of 0. The following theorem is an 
immediate corollary of the principal result of this paper (which is proven using only basic 
3-manifold theory). It further generalizes the theorem stated above. 

Theorem 1.2 Any open 3-manifold which is proper homotopy equivalent to a geometri- 
cally simply connected polyhedron is simply- connected at infinity. 

Remark 1.1 If M n (n > 3) is a compact, contractible n-manifold with non-simply- 
connected boundary (e.g. those constructed in ^ and then int(M n ) is easily seen 
to be g.s.c. but not s.c.i. This demonstrates that the above theorem cannot be extended 
to include open contractible manifolds of dimension greater than three. Notice that for 
simply connected open 3-manifolds the g.s.c. and the s.c.i. are equivalent. 

Provisos: We remain in the polyhedral category throughout and all homology groups 
are with Z coefficients. 

Acknowledgements: We are indebted to the referee for his valuable suggestions which 
simplified some proofs and improved the exposition. The first author wishes to express 
his gratitude to V. Poenaru for the discussions they had on this subject. 

Several months after the appearance of in preprint form, the second-named author 
of this paper communicated to the first-named author an outline of the proof of the 
principal result found here (the details were then worked out jointly). 
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2 Statement of results 



We first require the following definitions. 

Definition 2.1 A proper map / : X — > Y is H 3 -nontrivial if given non-null compacta 
L CY and K C X such that f(X - K) C Y - L then /* : H 3 (X, X - K) -> # 3 (Y, F - L) 
is nontrivial (i.e. its image is not a singleton). 

Definition 2.2 Given noncompact polyhedra X and F we say Y is H 3 - semi- dominated 
by X if there exists an if 3 -nontrivial proper map / : X — > Y. 

Definition 2.3 An open connected 3-manifold U 3 is simple-ended if it has an exhaustion 
{M i } c *i 1 by compact 3-submanifolds where, for all i, the genus of dMi is zero. 

Remark 2.1 1. // J7 an open orientable 3-manifold and Y d U a non-null com- 
pactum then H 3 (U,U — Y) is nontrivial. 

2. If f,g : X — > Y are properly homotopic maps where X and Y are open, connected 
3-manifolds and f is H 3 -nontrivial then g is H 3 -nontrivial. 

Proof of 1.: Since we are in the polyhedral category Y is a compact polyhedron and so 
has a regular neighborhood N. Since N — Y deformation retracts onto dN we have that 
H 3 (U, U — Y) is isomorphic to H 3 (U, U — int N). Taking a triangulation of the pair (U, N) 
and using the orientation of U we see that N is a relative cycle representing a nontrivial 
element of H 3 (U,U — int N). Moreover, this is a free abelian group with basis elements 
represented by the components of N. This proves the first remark. 

Proof of 2.: Suppose that K, L are compacta in X, Y, respectively, with g(X — K) C 
Y — L. Then K D g~ l (L). Let F:Xx/^7bea proper homotopy with F(x, 0) = f(x) 
and F(x, 1) = g(x). Since F _1 (L) is compact, there is a connected compactum M of 
X such that M x / D F~ l {L) U (K x {1}). Let N be a regular neighborhood of M in 
X. Then iV represents a generator of the infinite cyclic group H 3 (X, X — int N) which is 
isomorphic to H 3 (X,X-M). Now f^{L) C M implies that f(X-M) cY-L. Since / 
is i/ 3 -nontrivial we have that f(N) represents a nontrivial element of H 3 (Y, Y — L). Since 
K C int N we have that iV represents an element of H 3 (X,X — K). Since F~ l (L) C 
intNxI we have that <?(A") is homologous to /(iV) in (Y, F — L), and so g is // 3 -nontrivial. 
□ 

Our main result is the following. 

Theorem 2.1 An open, connected, orientable 3-manifold U is H 3 -semi-dominated by a 
g.s.c. polyhedron if and only if U is the connect-sum of a 1-connected, simply connected 
at infinity open 3-manifold and a closed, orientable 3-manifold with finite fundamental 
group. 
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Remark 2.2 1. Theorem 1.2. is a corollary of Theorem 2.1. In fact, let f : P — > U be 
a proper homotopy equivalence with proper homotopy inverse g : U — > P. Suppose 
K , L are compacta in P , U , respectively, such that f(P — K) C U — L. Let 
M = g~ l (K). Then g(U — M) C P — K. Since f o g is proper homotopic to idy 
and idjj is H 3 -nontrivial, we have by Remark 2.1 (2) that (/ o is nontrivial and 
hence /* is nontrivial. 

2. The proof of the u if" part of the theorem is very brief . Just observe that if U satisfies 
the hypothesis then the universal covering of U is 1-connected and simply connected 
at infinity (hence g.s.c. -see (3) below) and the covering projection is proper and 
has non-zero degree (hence is H 3 -nontrivial) . (In the sequel when we refer to the 
hypothesis or conclusion of the theorem we will mean the "only if" part.) 

3. By the methods of j^J the class of 1-connected, simply connected at infinity open 
3-manifolds is equal to each of the following two classes of open 3-manifolds. Those 
which can be constructed as follows: delete a tame, 0- dimensional, compact subspace 
from S 3 , denote the result by U and replace each element of a pairwise disjoint, 
proper family of 3-balls in U by a homotopy 3-ball. Those each of which has an 
exhaustion {M i ]'^ l by compact 3-submanifolds where, for each i, Mi is 1-connected 
(and hence the genus ofdMi isO) and each component of M i+1 — Mj is homeomorphic 
to a space obtained by taking finitely many pairwise disjoint 3-balls in S 3 , replacing 
one by a homotopy 3-ball and deleting the interiors of the rest. 

To establish the theorem we will demonstrate the following three propositions. 

Proposition 2.1 If U is as in the hypothesis of the theorem then U is simple-ended. 

Proposition 2.2 If U is as in the hypothesis of the theorem then tti(U) is a torsion 
group. 

Proposition 2.3 If U is an open, connected simple-ended 3-manifold such that 7Ti (f7) is 
a torsion group then U is as in the conclusion of the theorem. 

3 Proof of Proposition 2.1 

Lemma 3.1 Suppose the following: U is an open, orientable 3-manifold; K is a compact, 
connected 3-submanifold of U such that each component of cl(U — K) is noncompact 
and has connected boundary; and f : (M, dM) — > (U, U — K) is a map of a compact 
connected 3-manifold with boundary such that dM has genus zero and /* : H 3 (M, dM) — > 
H 3 (U,U — K) is nontrivial. Then there exists a compact, connected 3-submanifold N of 
U such that K is in N and the genus of dN is zero. 
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Proof: It will suffice to find, for each component V of cl(U — K) a compact, connected 
3-submanifold N(V) of V such that dV is in N(V) and the genus of dN(V) — dV is 
zero. So let V be such a component. We assume / is transverse to dV and denote the 
intersection of f~ l {V) and DM by C. The orientation of U determines an orientation of V, 
which in turn determines an orientation of dV. Similarly the orientation of M determines 
an orientation of the 3-dimensional submanifold f~ l {V), which in turn determines an 
orientation of f~\dV) C df~\V). 

From the hypothesis on /* we derive that (f\f- 1 (av))* carries the homology class of 
f~ 1 (dV), as determined by the orientation above, to a nontrivial element of H2(dV). In 
fact, consider the commutative diagram 

H 3 (M,dM) H 2 (f-\dV)) 



(/l/-l(Sv)* 



H 3 (U,U-intK) H 2 (dV) 

where Dm comes from the relative Mayer- Vietoris sequence of (M,dM) = (/ _1 (y),C) U 
(M — dM — C) and djj comes from the relative Mayer- Vietoris sequence of (U, U — 

int K) — (V, V) U (U — V, U — (V U K)). A chase through the zig-zag lemma shows that 
d M takes the orientation class of (M,dM) to the class of f^ 1 (dV) and d v takes the 
generator of the infinite cyclic group H 3 (U,U — int K) to the class of dV . The proof 
is completed by noting that inclusion induces an isomorphism of H 3 (U, U — int K) with 
H 3 {U, U — K) (since U — int K and U — K both deformation retract onto U minus the 
interior of a regular neighborhood of K). 

Note that f\ c : C — > V and / \f-i(av)' f l {9V) — > V are homologous and hence f\ c 
is homologous (in V) to a nonzero multiple of dV. 

Applying the prime factorization theorem for compact 3-manifolds to a regular neigh- 
borhood of f(C) in int{V) we conclude the existence of an embedding R in int(V) where 
R is a closed, oriented surface of genus zero such that R is homologous to f\ c in int(V) 
(recall that the prime factorization and the sphere theorem imply that 7r 2 of a compact 
3-manifold is generated, as a Ti^-module, by a finite family of pairwise disjoint embedded 
2-spheres, and by the Hurewicz theorem H 2 is isomorphic to tt 2 modulo the action of 7Ti). 
Now let W be a regular neighborhood of R in int(V) and denote by N(V) that component 
of cl(V — W) containing dV. It remains only to show that N(V) is compact. Suppose 
otherwise. Then there exists a proper ray in V extending from dV to infinity and avoiding 
R. Such a ray has intersection number one with dV but intersection number zero with 
R. This contradicts the fact that R is homologous in V to a multiple of dV. □ 

Definition 3.1 An admissible pair is a map / : (X, Y) — > (M, M — L) and a subspace 
K C L satisfying the following conditions: 

1. (X, Y) is a pair of compact simplicial complexes and X is simply connected. 
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2. M is a compact orientable 3- manifold and K and L are compact 3-submanifolds 
with K C int(L), L C int(M) and L connected. 

3. The map / is simplicial and M is an (abstract) regular neighborhood of f(X). 

4. Only one component of X — f~ 1 {dL) has image under / meeting K. 

5. The map /* : H 3 {X, Y) -> # 3 (M, M - L) is non-trivial. 
We will refer to the M above as the target of the admissible pair. 

Notation: If X C P then denotes the frontier of X in P. 

Lemma 3.2 If f : P — > [/ £/ie map o/ £/ie theorem and K is a compact 3-submanifold 
of U then we can choose X G P and a compact 3-submanifold L of U such that the pair 
{f\x '■ (X,dX) — > (M,M — L),K} is admissible where M is a regular neighborhood of 
f{X) in U. 

Proof: Consider Lq be a regular neighborhood of K in {7. The hypothesis implies the 
existence of some X with f~ 1 (L ) C X C P, such that /* : H 3 (P, P — X ) — > H 3 (U, U — 
L ) is non-trivial. Moreover once such an X is chosen then larger X with int(X) D X 
are also convenient for this purpose. Moreover / is proper implies the existence of an 
X 1 D X such that f(dXi) fl L = 0. Using excision on both sides above we find that the 
map (/IxJ* : H 3 (Xi,dXi) — > H 3 (M,M — L ) is non-trivial, where M denotes a regular 
neighborhood of f{X\) in U. Denote the set X\ with these properties by X(Lq). Note 
that X(Lq) is defined for any compact L engulfing K. If X — f~ 1 {dLo) has at least two 
components each of which has image meeting K then fl (X(L ) — f^ 1 (dL )) is 

not connected. Since / is simplicial the latter is a simplicial subcomplex of P and so it 
cannot be path connected. In particular there exist points x, y e f~ x {K) such that any 
path connecting them in X(L ) should meet f~ 1 (dL ). But f~ l (K) is a compact (thus 
finite) simplicial complex because / is proper hence it has a finite number of components. 
Consider some arcs joining these components in P. The union of these arcs with the 
components of f~~ l (K) is contained in some compact subset K' C P. Consider now L large 
enough such that f-\dL) n K' = 0, and K' C int{f- l {L)). Then X(L) D /^(L) D 
and we claim that this X fulfills all conditions needed. If x,y are two points in f~ l (K) 
then there exists a path connecting them inside K' and so there exists a path inside 
X(L) — f~ 1 (dL). □ 

Lemma 3.3 Given an open, connected 3-manifold U and compactum X in U there exists 
a compact 3-submanifold KofU containing X such that each component of cl(U — K) is 
noncompact and has connected boundary. 



6 



Proof. Let M be a compact 3-submanifold of U containing X. Let N be the union of M 
and all compact components of cl(U — M). To obtain K from N add 1-handles to N (in 
cl(U — N)) which connect different components of dN which are in the same component 
oicl(U-N). □ 

The proof of Proposition 2.1 will proceed by applying the tower construction to the 
admissible pair of Lemma 3.2 (where K is also chosen to satisfy the conclusion of Lemma 
3.3) to obtain a map satisfying the hypothesis of Lemma 3.1. It is convenient to state 
first the following definition. 

Definition 3.2 A reduction of the admissible pair {/ : (X, Y) — > (M , M — L ), K } is 
a second admissible pair {f\ : (X, Y) — > (Mi, Mi — L\), K{\ such that there exists a map 
p : Mi — > Mo, the "projection map" of the reduction, satisfying the following conditions: 

1- P° fi = fo- 

2. p(Ki) = K , p(Li) = L , and the maps p\l 1 '■ L\ — > L , p\k ± '■ K\ — > K are 
boundary preserving. 

3. : Li — > L has non-zero degree. 

4. The complexity of /i is strictly less than the complexity of /o (where the complexity 
of a simplicial map g with compact domain is the number of simplexes s in the 
domain for which g _1 ((/(s)) ^ s). 

5. The image under p of only one component of M x — dL\ meets K . Observe that, by 
(2), the image of L\ must meet K . 

Lemma 3.4 If fi is a reduction of f and f 2 is a reduction of f\ then f 2 is a reduction 
offo- 

Proof: This is obvious. □ 

Lemma 3.5 Any admissible pair with non-simply connected target has a reduction with 
simply- connected target. 

Proof: It will suffice to show that any admissible pair with non-simply connected target 
has a reduction. Because then, by iteration (which could occur at most finitely many times 
by condition 4) and applying Lemma 3.3 we obtain a reduction with simply connected 
target. 

Let {f\x '■ (X, Y) — > (M, M — L), K} be the admissible pair. Let M be the universal 
covering of M and p be the covering projection. Since X is simply connected there exists 
a lift / : X -> M of /. We will show that {h : (X,Y) -> (Mi, Mi - Li),^} is a 
reduction, where 
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i. h = I 



2. Mi is a regular neighborhood of f{X). 

3. L\ is the only component of p~ l (L) which is contained in fi{X) = f{X). 

4. K 1 = p- 1 (K )nL 1 . 



5. The covering map restricted to Mi is the map p from the definition [372 
Let us show that fi is well-defined and admissible. 



fi is well-defined: First we show that fi(Y) C Mi — L x - We know that f(Y) C M — L 
since / is admissible, and so fi(Y) = M 1 np~ 1 (/(y)) C MiHp-^M-L) = Mi-p" 1 ^) C 
Mi - Li. 

In order to have a consistent definition of L\ we must show that there exists one and 
only one component of p~ x {V) contained in f\{X). 

First we prove the existence. Since / is non-trivial on H 3 (the condition (5) for /) 
we derive that /* : H 3 (X,Y) — > H 3 (M,M — p~ l (L)) is non-trivial. In particular the 
abelian group H 3 (M, M — p _1 (L)) is non-zero. Since this group is freely generated by an 
equivariant regular neighborhood of the compact components of p _1 (L), there exists at 
least one such ( the deck transformations act transitively on the components of p~ l {L) 
and so every component is compact). Since L is connected H 3 (M,M — L) is generated 
by the orientation class of a regular neighborhood of L and /* nontrivial implies that L 
isin/pf). 

Observe now that p{M\ n p~ l (L)) = L since p{M\) = M, and also p(Mi — Mi D 
p-\L)) = M - L. Then since / is H 3 nontrivial the map /* : H 3 (X, Y) -> H 3 (M h M l - 
M l np- l (L)) should be non-trivial. The same argument used above shows that f(X) D 
Mi C\p~ l (L). Let Li be a component of p~ l (L) which meets f(X). Suppose that L\ is 
not completely contained in f(X). Since L\ is connected then L\ n (Mi — f(X)) ^ 0, 
or in other words the regular neighborhood of f(X) meets a larger subset of L\ than the 
image f{X). This contradicts the fact that Mi D L\ C f{X). Thus any component of 
p~ l (L) meeting f(X) is entirely contained in f(X). At least one component has non-void 
intersection with the image because p(f(X) n p~ l (L)) = p(Mi flp _1 (L)) = L. 

Suppose now that there are two components, L\ and L[ meeting f(X). The two com- 
ponents are then disjoint and contained in f(X). Furthermore there are two components 
of Mi — p~ l (dL), namely int(Li) and int(L[) whose images under p meet K. However 
there is only one component, say £, of X — / _1 (5L) whose image by / meets K. Then 
f(0 C M 1 -dL 1 UdL' l since avoids p~ l {dL) and D int{L x ) Uint(L[) D K X \JK' X 
because p(f(£)) meets K. This is a contradiction as /(£) must be connected. 

fi is admissible: Conditions (1-3) from definition |3.1| are immediate. The condition 
(5) for fi is satisfied since / = pofi is i^-nontrivial. Finally (4) is implied by fi 1 {dL\) = 



8 



f~\9L). 



fi is a reduction of f : With the exception of (3) and (5) we leave them to the reader. 
Condition (3) follows from the fact that '■ P\ — > L is a covering map, and it is 
well-known that any covering map from one compact, connected, orientable 3-manifold 
to another has non-zero degree. An easy argument is the following. Triangulate and 
orient the base space. Lift the triangulation and the orientation of each 3-simplex to the 
covering space. If this does not give an orientation of the covering space, then there will 
be a 2-simplex which is a face of two 3-simplexes which are mapped to the same 3-simplex 
in the base space, contradicting the fact that the map is a covering map. It then follows 
that a fundamental cycle for the covering space is sent to n times the fundamental cycle 
for the base space, where n is the number of sheets of the covering. 

We already saw before that int(Li) is the only one component of Mi — p" 1 {dL) whose 
image meets K hence establishing (5). □ 

Proof of Proposition 2.1 from the Lemmas: Begin with the admissible pair of Lemma 
3.2 where K also satisfies the conclusion of Lemma 3.3. Apply Lemma 3.5 to that ad- 
missible pair. Note that the projection map of that reduction satisfies the hypothesis of 
Lemma 3.1 whose application then completes the proof. □ 



is commutative and satisfies the following conditions: 

1. M and N are compact, connected, orientable 3-manifolds with h(dM) C dN. 

2. h has non-zero degree. 

3. X is simply- connected. 

Then e$(iri(N)) is a torsion subgroup of iii(U) (where e denotes the inclusion N C U). 

Proof: Let p : iV — > N be the covering map such that p$(ni(N)) = h^(ni(M)). Then 
h lifts to h : M — > N. Since the degree of h is non-zero H^(N,dN) ^ 0, and so N is 
compact and thus p is finite sheeted. Hence h$(iri(M)) has finite index in iri(N). (This 
is a standard argument.) Thus for any element of tti(N) some power will be in the image 
of fyj and therefore will be trivial in iri(U). □ 



4 Proof of Proposition 2.2 



Lemma 4.1 Suppose the diagram 



M 

hi 

N C 



X 

u 
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Now to prove Proposition 2.2 it will suffice to show that if N is a compact, connected 
3-submanifold of U then ejj(7r 1 (A^)) is a torsion subgroup of iri(U). Let / : X — > U be 
as in the definition of "i^-semi-dominated" (where X is g.s.c). By excision we have 
/* : H 3 (Y,dY) -> H 3 (N, dN) is nontrivial, where F = We can "realize" any 

element of H 3 (Y, dY) by a map g : (M, dM) — ► (Y, 9Y), where M is a compact orientable 
3-manifold (i.e. : H 3 (M, dM) — ► H 3 (Y, dY) sends the orientation class of M to the 
preassigned element of H 3 (Y,dY) - see ||). The 3-manifold M coming from Thorn's 
theorem might not be connected. But since (/ o g)* : H 3 (M,dM) — > H 3 (N,dN) is non- 
trivial there will be some component M of M such that ((/ o g)\M )* '■ H 3 (Mo, dM ) — > 
H 3 (N, dN) is nontrivial. Now apply the lemma with h = f o (g\M )- 1=1 

5 Proof of Proposition 2.3 

Lemma 5.1 If A and B are groups and a G A, b e B are neither the identity then a* b 
is not a torsion element in A* B (the free product of A and B). 

Proof: This is a standard fact from combinatorial group theory. Every element of finite 
order in A * B is conjugate to an element of A or of B (Corollary 4.1.4 of ||), and every 
element of A * B is conjugate to a cyclically reduced word which is unique up to cyclic 
permutation (Theorem 4.2 of 0). Since a * b is cyclically reduced it cannot be conjugate 
to an element of A or of B and hence cannot have finite order. □ 

Corollary 5.1 The prime factorization of a closed 3-manifold whose fundamental group 
is a torsion group can have at most one non-simply connected factor. 

Now to prove Proposition 2.3 we assume that U is not simply-connected (otherwise 
we are done) and let M be a non-simply connected 3-submanifold of U such that dM has 
genus zero. We can express M as a connect-sum of a punctured homotopy 3-ball and a 
closed orientable 3-manifold iV where tti(N) is a torsion group. By the above corollary 
we can assume iV is irreducible. By |TJ any orientable, irreducible closed 3-manifold with 
torsion must have finite fundamental group. It remains only to show that U can have no 
other non-simply connected factor but this also follows from the Corollary. □ 

References 

[1] D.B.A. Epstein. Projective planes in 3-manifolds, Proc. London Math.Soc. (3), 11(1961), 
469-484. 

[2] L. Funar. Simple homotopy type and open 3-manifolds, Revue 

Roumaine Math. Pures Appl. (to appear), 19p, preprint available at 
http : //www-f ourier .ujf-grenoble . f r/~f unar /thick! .ps . gz . 



10 



[3] W. Magnus, A. Karrass and D. Solitar. Combinatorial Group Theory, Wiley Interscience 
Publishers, 1966. 

[4] B. Mazur. A note on some contractible 4-manifolds, Ann. of Math., 73(1961), 221-228. 

[5] V. Poenaru. La decomposition de l'hypercube en produit topologique, Bull. Soc. Math. France, 
88(1960), 113-129. 

[6] V. Poenaru. Killing handles of index one stably and 7if°, Duke Math. J., 63(1991), 431-447. 

[7] L. Siebenmann. Infinite simple homotopy types, Indag.Math., 32(1970), 479-495. 

[8] R. Thorn. Quelques proprietes globales des varietes difierentiables, Comment. Math. Helvetici, 
28(1954), 17-86. 

[9] C. T. C. Wall. Open 3-manifolds which are 1-connected at infinity, Quart. J. Math. Oxford 
Ser. (2) 16 (1965), 263-268. 



11 



